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Abstract 
In this note, we prove that semilocalization of spaces preserves homotopy monomorphisms and 
homotopy epimorphisms which induce an isomorphism in fundamental groups, and also prove that 
homotopy epimorphisms preserve p-nilpotency for every prime or zero p. 0 1998 Elsevier Science 
B.V. All rights reserved. 
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1. Introduction 
In [6], we characterized homotopy epimorphisms and monomorphisms in terms of 
homotopy pushouts and homotopy pullbacks as follows. 
Theorem A. Let the square 
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be a homotopy pushout, and the square 
(2) 
a homotopy pullback. Then 
(1) f is a homotopy epimorphism if and only if jl pv j2, 
(2) f is a homotopy monomorphism if and only if iI E il. 
We also proved that localization of nilpotent spaces preserves epimorphisms and 
monomorphisms in homotopy theory by making crucial use of Theorem A, thus an- 
swering a question posed by Hilton and Roitberg in 1987. That is 
Theorem B. Let f : X + Y be a homotopy epimorphism (monomorphism) of nilpo- 
tent spaces. Then the p-localized map f, : X, -+ Yp is also a homotopy epimorphism 
(monomorphism), and the p-localization of the square (1) ((2)) is a homotopy pushout 
(pullback), that is, the square 
is a homotopy pushout, or the square 
(4) 
is a homotopy pullback. Here p is a prime or zero. 
In general, the condition in Theorem B that X and Y are nilpotent is necessary. 
It is interesting and difficult to study whether localization of nonnilpotent spaces in 
Casacuberta-Peschke’s ense preserves epimorphisms and monomorphisms in homotopy 
theory, but we do obtain some partial information in [lo]. For example, 
Theorem C. Let f : X + Y be a homotopy epimorphism. If X, and YP are nilpotent, 
then the p-localized map f, : X, + Yp is also a homotopy epimorphism. 
In this note, we shall consider whether semilocalization of spaces preserves epimor- 
phisms and monomorphisms in homotopy theory and some related topics. In Section 2, 
we prove the following main theorems of this note. 
Theorem 1. Zf f : X + Y is a homotopy monomorphism, then the p-semilocalized map 
fP- : X,- --$ Ypp is also a homotopy monomorphism. 
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Theorem 2. If f : X + Y is a homotopy epimorphism such that f* : 7rt (X) ---f rr~ (Y) 
is an isomorphism, then the p-semilocalized mup fry : XI, 4 Yr, is also u homotop?, 
epimorphism. 
An example which shows that the condition in Theorem 2 is necessary is given in 
Section 2. 
It is obvious that homotopy monomorphisms anti-preserve nilpotency, that is, if 
f : X + Y is a homotopy monomorphism and Y nilpotent, then X is also nilpotent, 
since f* : 7r*(X) 4 n*(Y) is injective. Moreover, if Y is p-nilpotent, that is, the p- 
semilocalization space Yn, is nilpotent, then X is also p-nilpotent by Theorem 1, that 
is, homotopy monomorphisms anti-preserve pnilpotency. But this is not obvious for 
homotopy epimorphisms. Thus the following is of some interest, proved in [S]. 
Theorem D, Let ,f : X + Y be a homotopy epimorphism. !f X is nilpotent, then Y is 
mlso nilpotent. 
Hence, if f : X + Y is a homotopy epimorphism and f+ : rrt (X) ---f rrt (Y) is an 
isomorphism, then the fact that X is p-nilpotent implies Y is p-nilpotent by Theorem 2 
and Theorem D. In [8], we also gave a proof of this result. In Section 3 of this note, we 
show that the condition above is not necessary. That is, 
Theorem 3. Let f : X 4 Y be u homotopy epimorphism. If X is p-nilpotent, then Y is 
also p-nilpotent. 
Combining Theorem C and Theorem 3, we have the following extension of Theorem B 
for homotopy epimorphisms. 
Theorem 4. Let f : X + Y be a homotopy epimorphism and X is p-nilpotent, then the 
p-localized map f, : X, + YP is also a homotopy epimorphism. 
By Theorem 1 and Theorem B, we have the following extension of Theorem B for 
homotopy monomorphisms. 
Theorem 5. Let f : X + Y be a homotopy monomorphism and Y is p-nilpotent, then 
the p-localized map f, : X, + YP is also a homotopy monomorphism. 
Throughout this note, we assume that all spaces have the homotopy type of connected 
CW complexes with basepoints. 
2. Semilocalization 
In [l], Bendersky constructed a functorial semilocalization, that is, a functor which 
preserves the fundamental group of an arbitrary space X and localizes its higher homo- 
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topy groups nk(X), k 3 2. We denote semilocalization of X at a prime or zero p by the 
map EX : X + XL. Then the map EX : X --) X; induces isomorphisms 
and Z, @ rk(X) ” “k(X;) for Ic b 2. 
In particular, the functorial semilocalization EX : X ---f X; corresponds to fibrewise p- 
localization with respect to the universal covering fibration X + X -+ K(7ri (X), I), 
that is, we have the following homotopy commutative diagram 
where the map I,- : _% - + (X), is a p-localization of X. 
For an arbitrary space X, the connection between semilocalization and localization is 
a homotopy commutative triangle 
where I, is a p-localization of the space X, and I’ is also a p-localization of the semilo- 
calization space XL. If X is l-connected, then 1’ is a homotopy equivalence. 
Suppose the diagram 
F-E&B 
4 4 a, i 
F’-E’- ’ 
(5) 
is homotopy commutative, where F and F’ are the homotopy fibres of cr and (Y’, re- 
spectively. If F and F’ are nilpotent, then its fibrewise p-localization (see [5]) is the 
following homotopy commutative diagram 
(6) 
Lemma 1. Zf 4 is a homotopy equivalence in diagrams (5) and (6), then their lef squares 
are homotopy pullbacks. 
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Proof. Consider the following homotopy commutative diagram 
where the front and back faces are homotopy pullbacks, since F and F’ are the homotopy 
fibres of o and o’, respectively. If 4 is a homotopy equivalence, then the bottom face 
is a homotopy pullback. It follows that the top face is a homotopy pullback, that is, the 
left square in diagram (5) is a homotopy pullback. It is similar that the left square in 
diagram (6) is a homotopy pullback if 4 is a homotopy equivalence. 0 
Proof of Theorem 1. Firstly, we suppose that f* : TI (X) ---t ~1 (Y) is an isomorphism. 
Let the square 
be a homotopy pullback. Then it E i2 by square (2) in Theorem A. Note that i, + = 
i2* : ~1 (E) 4 ~1 (X) is surjective. Denote H = Ker{it, = i2* : ~1 (E) ---) rl (X)}. Thus, 
we have the following homotopy commutative cube 
where E(H) is the covering space of E for the subgroup H of rrt (E). If f* : rl (X) -+ 
~1 (Y) is an isomorphism, then all vertical faces of the above cube are homotopy pullbacks 
by Lemma 1. Hence, the fact that the bottom face is a homotopy pullback implies the top 
face is a homotopy pullback. Since ii Y i2 implies ir - &, f : 2 -+ ? is a homotopy 
monomorphism by square (2) in Theorem A. 
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Consider the fibrewise p-localization of the above cube: 
JW% 
in which all vertical faces are homotopy pullbacks by Lemma 1, and the top face is 
a homotopy pullback by square (4) in Theorem B. It follows that the bottom face is 
a homotopy pullback. Note that ii rv i2 implies ilp N iTP by the definition of fibre- 
wise p-localization with respect to homotopy fibrations. Therefore, f; : X; + Yp- is 
a homotopy monomorphism by square (2) in Theorem A if f* : rr~ (X) 4 7r1 (Y) is an 
isomorphism. 
If f* : 7rl (X) + rrI (Y) is not an isomorphism, but is merely injective, then we have 
the following homotopy commutative triangles 
where p(~i(X)) is the covering space of Y for the subgroup 7ri(X) of rri(Y). Then 
f* :m(X) + 7@_(m(X))) IS an isomorphism. Note that if f : X + Y is a homotopy 
monomorphism, then so is J: X -+ Y(7ri (X)). This implies f; : X; + Y(rri (X)); 
is also a homotopy monomorphism by the first part of the proof. Note that the p- 
semilocalization map Y(ri (X)); --) Yp- induces isomorphisms 
7r,(Y(7rl(X)),) rZ,@nk(F(7ri(X))) -Z,@Q(Y)N~Q(Y~-) fork32, 
and 
7r] (Y(7rl (X)),) s 7rl (qr, (X))) ” ?rl (X) c 7rl (Y) ” 74(YpJ. 
This means that the map Y(*i(X)); + UP- is a covering projection, and it is a 
- homotopy monomorphism. Hence, f; : X; ---) YP is a homotopy monomorphism, since 
it is the composition of two homotopy monomorphisms. This ends the proof of Theo- 
rem 1. 0 
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The proof of Theorem 2 needs the following lemma. 
Lemma 2. Suppose that we have a homotopy commutative cube 
213 
in which all vertical faces are homotopy pullbacks. 
a homotopy pushout, then so is the other: 
If one of the top or bottom faces is 
Proof. See [9]. Cl 
Proof of Theorem 2. Let the square 
be a homotopy pushout. Then jt N j2 by square (1) in Theorem A. Note that j,, = 
j,* : rrt (Y) --f rrt (C) is an isomorphism. 
Consider the following homotopy commutative cube 
in which all vertical faces 
,1(Y) is an isomorphism. 
Since jr = j2 implies J71 N 
Theorem A. 
are homotopy pullbacks by Lemma 1, since f* : ~1 (X) ---f 
Hence, the top face is a homotopy pushout by Lemma 2. 
32, f : _? + ? is a homotopy epimorphism by square (1) in 
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Consider the fibrewise p-localization of the above cube, that is, the following homotopy 
commutative cube 
All vertical faces are homotopy pullbacks by Lemma 1. It follows from square (3) in 
Theorem B that the top face is a homotopy pushout. This implies that the bottom face is a 
homotopy pushout by Lemma 2. Note that ji N j2 implies J’G N j2i by the definition of 
fibrewise p-localization with respect to homotopy fibrations. Therefore, f; : X; -+ Yp- 
is a homotopy epimorphism by square (1) in Theorem A if f* : ~1 (X) -+ ~1 (Y) is an 
isomorphism. •I 
The following example shows that the condition in Theorem 2 is necessary. 
Example. Let Y be an arbitrary space. Then there exist a space X = K(rr, 1) and a 
map f : X -+ Y such that the homotopy fibre of f is homologically trivial (see [4]), 
which is also called acyclic. This shows that f+ : ~1 (X) + ~1 (Y) is not an isomorphism, 
unless Y = K(r, 1). The map f : X + Y is a homotopy epimorphism (see [3]), but its 
p-semilocalized map f- : X; + - Yp is not a homotopy epimorphism. In fact, Ed : X -+ 
X; is a homotopy eq$valence, hence, if f; : X; -+ Yp- is a homotopy epimorphism, 
then &y : Y --) - Yp is a homotopy epimorphism. Note that cy, : H,(Y) + H, (Ype) need 
not be surjective, for example, whenever Y is l-connected and some H,(Y), n > 0, 
is finitely generated but not finite. Therefore, E* : Y + Yp- may not be a homotopy 
epimorphism. 
3. C-nilpotency 
To prove Theorem 3, we first extend Theorem D to C-nilpotent spaces. Here C is a 
generalized Serre class of groups, which is a generalization of the definition of a class 
of abelian groups, given by Serre and a Serre class of nilpotent groups given by Hilton 
and Roitberg. 
Let @ be a family of groups. Call C a generalized Serre class (see [2]) if it satisfies 
the following properties 
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(1) given a short exact sequence of groups 
O+A+B+C+O 
il. C E @ if and only if B E C. 
(2) if 7r E C, then the homology groups H,(r) E c for n > 0. 
(3) if A E @ is abelian, then @A E @ where the direct sum is taken over any 
indexing set. 
Let X be an arbitrary space. Then rrn(X) is a rrl (X)-group for n 3 2. We defined 
the lower central 7ri (X)-series of 7rn(X) by T&xj7rn(X) = m(X); 
f $,,&J.‘i) = (a - zn: a E r;,,,+(X), Z E 7r,(X)), i 3 1; 
and the lower central series of ~1 (X) by 
f ‘7r, (X) == 7ri (X); P+%,(x) = [7r,(X)J%,(X)], i 2 1. 
Recall that X is nilpotent if for all n > 2, there are ci > 1 and c,, > 1 such that 
P7ri(X) = (0) and rz;cx,nn(X) = {0}, 
that is, ?rl (X) is nilpotent and YTI (X) acts nilpotently on 7rn(X) for all n 3 2. 
In [2], Goncalves introduced C-nilpotent spaces more general than nilpotent spaces, 
where @ is a generalized Serre class. Call X C-nilpotent if for all rt! > 2, there are ci > 1 
and (;, > 1 such that 
P7r,(X) E Cc and r’” ,,(.Z&X) E C, 
that is, xl (X) is @-nilpotent and ~1 (X) acts C-nilpotently on ?rlL(X) for n 3 2. 
It is obvious that nilpotent spaces are C-nilpotent for every generalized Serre class @. 
Examples of c-nilpotent spaces which are not nilpotent were shown in [2]. If @ is the 
class of trivial groups, then C-nilpotent spaces are nilpotent indeed. 
The following Lemmas 3 and 4 were proved in [2]. 
Lemma 3. X i.r @-nilpotent ifand only if~1 (X) is Gnilpotent and the action of~1 (X) 
on H,, (2) is @-nilpotent for all n > 2. where x is the universal covering space of X. 
Lemma 4. Zf X is c-nilpotent and X(H) is a regular covering space of X for a 
subgroup H of ~1 (X), then the action of XI (X)/H on H,(X(H)) is also @-nilpotent 
fbr all 71, 3 2. 
We also need the following lemma proved in [7]. 
kernma 5. If f : X + Y is a homotopy epimorphism, then the induced map f: T(H) + 
Y on covering spaces is a homotopy epimorphism for the subgroup H = Ker{ f+ : 
Tl (X) 4 Tl (Y)). 
Now we have 
Theorem D’. Let f : X + Y be a homotopy epimorphism. If X is C-&potent, then Y 
is also @-nilpotent. 
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Proof. Note th”_t f* : 7ri (X) + rrt(Y) is surjective. Denote H = Ker{f, : rri (X) + 
xl(Y)}. Then X(H) is the homotopy fibre of X + K(ri(X), l), and the following 
diagram is homotopy commutative 
X(H) -T -K(m (X)/H, 1) 
i 1 1 f f? 1 
y-y- K(m 0% 1) 
Thus f induces homomorphisms for all 12 3 1 and i 3 1 
r’(f*) :G(x,,A(X(H)) + $,(Y~H,IY). 
By Lemma 5, f: X(H) + ? is a homotopy epimorphism. Hence, 
f* : Hn (X(H)) + f&z(~) 
is surjective for all n 3 1. This implies the induced homomorphisms ri (f+) are surjective 
for all i > 1. If X is C-nilpotent, then rrt (X) is C-nilpotent, so is rri (Y), and there is 
c > 1 such that r&X1,H Hn(y(H)) E C by Lemma 4. This implies Tz,c,.,H(?) E @ 
by the definition of generalized Serre classes. Hence, Y is Gnilpotent by Lemma 3. 0 
It is clear that Theorem D is the special case C = {0} of Theorem D’. 
Now, we can prove Theorem 3. Recall that X is p-nilpotent (see [1]) if 7rt (X) is 
nilpotent and there is c > 1 such that F$(x) rrn(X) is torsion prime to p. Moreover, X 
is p-nilpotent if and only if its semilocalization space X; is nilpotent. 
Proof of Theorem 3. Let f : X + Y be a homotopy epimorphism. Suppose CP is the 
class of torsion abelian groups prime to p, which is a generalized Serre class. It is clear 
that if X is p-nilpotent, then X is @,-nilpotent. By Theorem D’, Y is @,-nilpotent. Note 
that f* : rrl (X) + 7ri (Y) is surjective and rrl (X) is nilpotent. Then rri~] (Y) is nilpotent. 
Hence Y is p-nilpotent in fact. 0 
Proof of Theorem 4. Since X is p-nilpotent, Xi is nilpotent. By Theorem 3, YP- is 
nilpotent. Note that (XT), ” X, and (YPP), ” YP. It follows that X, and YP are 
nilpotent. By Theorem C, f, : X, + YP is a homotopy epimorphism. 0 
Proof of Theorem 5. By Theorem 1, f; : X; + YP- is a homotopy monomorphism. If 
Y is p-nilpotent, then X is p-nilpotent, that is, XT and YP- both are nilpotent. It follows 
from Theorem B that (f;), : (XL), - (YPP)P is a homotopy monomorphism. Note that 
(XL)~ ” X, and (YF)~ Z YP, hence, f, : X, + YP is a homotopy monomorphism. 0 
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